Abstract -We study theoretically the profile evolution of a thin viscoelastic film supported onto a no-slip flat substrate. Due to the nonconstant initial curvature at the free surface, there is a flow driven by Laplace pressure and mediated by viscoelasticity. In the framework of lubrication theory, we derive a thin film equation that contains local viscoelastic stress through the Maxwell model. Then, considering a small perturbation of the free surface, we linearise the equation and solve it by deriving its pseudo-Green's function. We analyse and discuss in details the behaviour of this function. We then use it to study the viscoelastic evolution of a canonical Gaussian initial perturbation through its transient levelling exponent. For initial widths of the profile that are smaller than a characteristic length scale fixed by both the film thickness and the elastocapillary length, this quantity is shown to reach anomalously high values at the elastic-to-viscous transition. This prediction should in particular be observed at sufficiently short times in experiments on thin polymer films.
performed and have allowed for a deeper understanding of 24 its mathematical features. As for the diffusion equation 25 [28], convergence of the solutions to intermediate asymp- 26 totic regimes [29] has been revealed. In particular, it 27 was shown that the vertically-rescaled solution for any 28 summable initial profile uniformly converges in time to-29 wards a universal self-similar attractor that is precisely 30 given by the Green's function of the capillary-driven lin-31 ear thin film equation multiplied by the initial algebraic 32 volume of the perturbation [30] .
33
The aforementioned capillary-driven thin film equation 34 describes the evolution of thin Newtonian films. Yet, thin 35 films are often made of polymer melts which usually dis-36 play viscoelastic properties [31, 32] in certain temporal 37 ranges. In this case, some parts of the evolution may 38 be different from that of a pure viscous fluid, as the de-39 formation of the system in response to a given stress is 40 now mediated by both elasticity and viscosity. The gen- 41 eral understanding of viscoelasticity is of great interest in 42 soft condensed matter and physics of glassy systems, as 43 shown by the numerous recent results in the literature. 44 New ways to probe the dynamics of viscoelastic materi-45 als have been explored [33] . Thin viscoelastic films have Fig. 1 : Schematic of the vertical height profile z = h(x, t), at horizontal position x and time t, of a thin viscoelastic film placed atop a flat substrate. The system is assumed to be spatially invariant in the other horizontal direction y. The typical horizontal length scale is denoted by w0, and the thickness at infinity by h0. The intern rheology of the viscoelastic fluid is accounted for through a local Maxwell model (see eq. (7) 
where ρ is the mass density of the material, p is the pres- ity, w 0 be a typical horizontal dimension (see. Fig. 1 ), and
81
= h 0 /w 0 . Within the the lubrication approximation, one 82 has 1. We define the space and time dimensionless 83 variables through x = w 0 X, z = h 0 Z, h = h 0 H, t = t 0 T , 84 where t 0 is a typical time scale yet to be determined. In-85 compressibility implies that the dimensionless velocities 86 read u x = v 0 U X and u z = v 0 U Z , where v 0 = w 0 /t 0 . 87 In order to determine the scaling for pressure and time, 88 we balance the typical gradients of Laplace pressure and 89 viscous stress in eq. (1). This yields p = (γh 0 /w 2 0 )P = 90 (η/(t 0 2 ))P which sets t 0 = ηw 0 /(γ 3 ), where γ is the 91 surface tension and η is the viscosity. Finally, estimat-92 ing the extra-stress tensor in the viscous limit, within the 93 lubrication approximation, leads to:
Equation (1) then yields the following set of equations:
where Re = ρv 0 w 0 /η is the Reynolds number. In the framework of first order lubrication approximation in , eq. (3) simplifies to:
The boundary conditions at the free surface Z = H(X, T ) are set by the small-slope approximation of the Laplace pressure and the no-shear stress:
Integrating eq. (4) together with eq. (5) leads to:
In order to account for the essence of shear viscoelasticity, 96 we use the Maxwell model [31, 32] . This simple approach 97 relates the local shear strain rate ∂ t ε xz = ∂ z u x and the 98 local shear stress σ xz through:
where τ = η/G is the single characteristic time, with G 100 being the shear elastic elastic modulus. In dimensionless 101 variables, eq. (7) reads:
where T = τ /t 0 . Substituting eq. (6) into eq. (8) yields:
boundary condition at the substrate, U X Z=0 = 0, leads 105 to:
In order to close the system we invoke mass conservation:
where Q = together with eq. (5a), yields at last: (12) that we will refer to as the viscoelastic thin film equation 
The factor 1/3 can be absorbed in time as T → 3T and
124
T → 3T so that eq. (13) becomes:
where we introduced the linear differential operator:
Equation (14) is the linear viscoelastic thin film equation 
and: For clarity, we here refer to F as the pseudo-Green's function because it does not correspond to the solution G of the equation L G = δ. Note also that the Jeffeys model would be likely to cancel the singular part of Eq. (16), as it includes a fluid-like behaviour at very short times. Based on the self-similar behaviours observed in previous studies [25, 30] , we let the change of variables:
which, together with eq. (16), leads to:
whereF(U, T ) = F(X, T ) and:
(20) Furthermore, defining the rescaled time Θ = T /T we let F (U, T ) =F (U, Θ) with:
(21) Figure 2 shows a plot of the regular partF (U, Θ) of the 133 normalised pseudo-Green's function of LVTFE as a func-134 tion of U , as given by eqs. 
where g(Q) = 2/(1 + Q 2 ) is a summable function. There-145 fore, invoking the dominated convergence theorem [46] , 146 one gets:
According to eqs. (19) and (21) 
Therefore, in the linear case, we recover the intuitive ex-
149
pectation that the longterm evolution of a thin viscoelastic 150 film is well described by a purely viscous thin film equa- Green's function F(X, T ) and ζ 0 (X):
according to eqs. (16) and (17). Let us consider the case 163 of a normalised Gaussian perturbation of the form:
where a = w 0 A is the initial horizontal width in real 
or equivalently:
The slopes of the curves in Fig. 3 read:
which implies that for Θ = 0, Θ = 1, and Θ → +∞ for 188 which α (Θ) = 0, the slopes of the curves correspond to 189 the levelling exponent α. Note that this is also relevant for 190 all time windows where α (Θ) Θ log 10 Θ α(Θ), and thus 191 in particular for the crossover region where Θ ∼ 1. the length explored by levelling during a Maxwell time.
224
We shall now focus on the second regime, namelyÂ 1.
225
To access this regime without breaking the lubrication hy- recalling the ingredients of the model, we derived a vis-254 coelastic thin film equation that accounts for viscoelastic-255 ity through a Maxwell model. We linearised this equation 256 and solved it by deriving its pseudo-Green's function. We 257 proved that the pseudo-Green's function converges in time 258 to that of the purely viscous linear thin film equation, 259 which means that the longterm evolution of a thin vis-260 coelastic film is well described by a purely viscous model. 261 We then looked into the evolution of a canonical Gaussian 262 initial perturbation and analysed it in terms of its tran-263 sient levelling exponent. We discussed the different situa-264 tions as a function of the initial width of the perturbation 265 compared to a new length scale, that we identified and that 266 combines the elastocapillary length and the film thickness. 267 For small enough widths, provided that lubrication ap-268 proximation remains valid, we revealed the possibility of 269 observing anomalous transient levelling exponents if the 270 system is explored within a certain time window around 271 the characteristic viscoelastic time. We are confident that 272 this work will be of interest for the study of the levelling 273 dynamics of thin polymer films in the vicinity of the glass 274 transition temperature, for which viscoelastic effects can 275 be important. 
